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Metric-Like Formulation Of the Spin-Three Gravity In Three Dimensions
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We provide a metric-like formulation of the spin-3 gravity in three dimensions. It is shown that the
Chern-Simons formulation of the spin-3 gravity can be reformulated as a Einstein-Cartan-Sciama-
Kibble theory coupled with the higher-spin matter fields. A duality-like transformation is also
identified from this metric-like formulation.
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Intrduction.—In three dimensions (3D), the pure Ein-
stein gravity does not have local degrees of freedom [1].
The Einstein-Hilbert action with the cosmological con-
stant term can be recast as a SL(2, R)×SL(2, R) Chern-
Simons (CS) theory [2, 3], which is a manifestly topolog-
ical theory. Recently, it was suggested that the higher-
spin gravity [4, 5] in 3D could also be expressed as
a CS theory [6, 7] but with the larger gauge group
SL(N,R)×SL(N,R). In contrast with its concise for-
mulation in terms of the frame-like fields, which facili-
tates the analysis of asymptotical symmetries [6–8] and
higher-spin black hole solutions [9], a metric-like formu-
lation of the higher-spin gravity are helpful to illuminate
its geometrical structure and make its higher-spin free-
doms transparent. From the perspective of anti-de Sit-
ter/conformal field theory correspondence, the metric-
like formulation in 3D is also useful to understand the
thermodynamical properties (such as entropy [10] and
shear viscosity [11]) of its dual theory in two dimen-
sions [12]. However, a metric-like formulation can not
be derived straightforwardly. A perturbative study of
the metric-like formulation of the spin-3 gravity has been
pursued in [10]. Geometrical analysis based on the metric
compatibility method [13] shows that a complete metric-
like formulation not only depends on the spin-2 field and
the spin-3 field, but also higher-spin fields with more
space-time indices are required. In this paper, we pro-
pose that if we assume the connection of the conventional
spin-2 gravity has a torsion, then the CS formulation of
the spin-3 gravity can be recast as a Einstein-Cartan-
Sciama-Kibble theory (ECSK) [14], in which the spin-3
field can be regarded as the higher-spin matter acting as
the source of the torsion.
Metric-Like Formulation.—Similar to its spin-2 cousin
in three dimensions, the spin-3 gravity in 3D could be de-
scribed by the SL(3, R)×SL(3, R) Chern-Simons theory
S = SCS[A]− SCS[A¯], (1)
SCS[A] =
k
4π
∫
tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A),
where k = l
16G
. A and A¯ can further be decomposed into
the frame-like fields
A = ω +
1
l
e, A¯ = ω − 1
l
e. (2)
Then the CS action (1) has the Palatini formulation
S =
k
π
∫
tr
(
e ∧ (dω + ω ∧ ω) + 1
3l2
e ∧ e ∧ e), (3)
where the second term is the generalized cosmological
term. The variation of ω yields the torsion constraints
T = de+ ω ∧ e+ e ∧ ω = 0, (4)
and the variation of e yields the equations of motion
R = dω + ω ∧ ω + 1
l2
e ∧ e = 0. (5)
If we can solve ω in terms of e and de through the torsion
equation (4), then a second-order formulation of the Pala-
tini action can be obtained. For the Einstein gravity, ω
and e take values in the Lie algebra of SL(2, R), Eq. (4)
can be solved straightforwardly, and a pure metric-like
formulation can be achieved. For the spin-3 gravity,
the Lie algebra of ω and e is SL(3, R). A perturba-
tive solution of Eq. (4) has been given in [10]. An non-
perturbative attempt has been made in [13], which shows
it is difficult to achieve a pure metric-like formulation
of the CS action (1). The work of [13] is based on the
SL(3, R) invariant metric variables ϕαβ = tr(eαeβ) and
ϕαβγ = tr(eαeβeγ). Alternatively, in this paper, we use
the SL(2, R) decomposition of the SL(3, R) Lie algebra
[Ja, Jb] = ǫabcJ
c, [Ja, Qbc] = ǫ
d
abQdc + ǫ
d
acQdb,
[Qab, Qcd] = λ
2(ηacǫbdm + ηbcǫadm)J
m + (c↔ d), (6)
where the small Latin letters take the values 0, 1, 2,
and the definitions of ηab and ǫabc follow the conven-
tions in [7]. λ is a dimensionless constant. The anti-
commutators of Ja furnish the Lie algebra of the SL(2, R)
group. Qab is symmetrical about its indices and satisfies
the traceless condition Qabη
ab = 0. They transform as
the 5D symmetrical representation of SL(2, R). Using
this realization of the SL(3, R) Lie algebra, ω and e are
expressed as
ω = ωaJa + ω
bcQbc, e = e
aJa + e
bcQbc. (7)
Here ωbc and ebc are also symmetrical and traceless, that
is, ωbcηbc = 0 and e
bcηbc = 0. We define the metric-like
fields from the frame-like fields as
gαβ = e
a
αe
b
βηab, hαβγ = e
ab
α e
c
βe
d
γηacηbd. (8)
2gαβ is the conventional SL(2, R) invariant metric. hµαβ
is only symmetrical about α and β, which belongs to the
class of the mixed-symmetrical field discussed in [15]. Us-
ing gαβ as the inverse of gαβ, hµαβ satisfies the traceless
condition hµαβg
αβ = 0. We also have
eaαe
b
βe
c
γǫabc = εαβγ , E
α
aE
β
b E
γ
c ǫ
abc = εαβγ , (9)
where g is the determinant of gαβ , and E
α
a is the inverse
of eaα, which satisfies E
α
a e
b
α = δ
a
b and E
α
a e
a
β = δ
α
β . We
have defined
εαβγ =
√−gǫαβγ , εαβγ = 1√−g ǫ
αβγ , (10)
which are covariant antisymmetrical tensors under the
general 3D coordinate transformation. By means of the
SL(2, R) variables, the torsion equation can be rewritten
as
(∂µe
a
ν + ω
b
µe
c
νǫ
a
bc)− (∂νeaµ + ωbνecµǫabc) (11a)
= 4λ2(ωbνde
dc
µ ǫ
a
bc − ωbµdedcν ǫabc),
(∂µe
bc
ν + ω
a
µe
dc
ν ǫ
b
ad + ω
a
µe
db
ν ǫ
c
ad)− (µ↔ ν) (11b)
= (ωabν e
d
µǫ
c
ad + ω
ac
ν e
d
µǫ
b
ad)− (µ↔ ν).
Eqs. (11a) and (11b) have clear interpretations in term
of the SL(2, R) variables. The left side of Eq. (11a) can
be interpreted as the torsion of the SL(2, R) frame-like
fields eaν . The left side of Eq. (11b) transforms as a sym-
metrical representation of the the SL(2, R) group. These
observations provide us with the hints that Eqs. (11a)
and (11b) can be reformulated as equations of metric-
like fields through the assumptions
∂µe
a
ν + ω
b
µe
c
νǫ
a
bc = Γ
ρ
µνe
a
ρ (12)
and
ωbcµ = Ω
ρσ
µ e
b
ρe
c
σ, (13)
where Ωρσµ is symmetrical about ρ and σ, and it also sat-
isfies the traceless condition Ωρσµ gρσ = 0. From Eq. (12),
we can obtain the SL(2, R) connection ωaµ
ωaµ =
1
2
ǫabcE
σ
b (∂µe
c
σ − Γρµσecρ), (14)
and Eq. (12) also yields the metric compatibility condi-
tion
∂µgαβ = Γ
ρ
µαgρβ + Γ
ρ
µβgρα, (15)
which requires the connection to be
Γραβ = Γ¯
ρ
αβ − gρσ(T τασgτβ + T τβσgτα) + T ραβ , (16)
Γ¯ραβ =
1
2
gρσ(∂αgσβ + ∂βgσα − ∂σgαβ), (17)
where T ραβ is the torsion tensor, which is antisymmetric
about α and β. In terms of the variables in Eqs. (8)-(9),
(13) and (14), the action (3) can be rewritten as
S =
1
16πG
∫
d3x
√−gL , (18)
L = L1 + 4λ
2(L2 + L3 +L4).
In Eq. (18), L1 is
L1 = R− 2
l2
, (19)
where
Rσρµν = ∂µΓ
σ
νρ − ∂νΓσµρ + ΓσµτΓτνρ − ΓσντΓτµρ (20)
is the Riemann curvature, and R = gαβRσαβσ is the Ricci
scalar. L2, L3 and L4 are given by
L2 = gαβ(Ω
ασ
ρ Ω
βρ
σ − Ωασσ Ωβρρ ) (21a)
L3 =
1
l2
gαβ(h
ασ
ρ h
βρ
σ − hασσ hβρρ ), (21b)
L4 = ε
µνα(∇µΩρσν + T τµνΩρστ )hαρσ , (21c)
where
∇µΩαβν = ∂µΩαβν − ΓσµνΩαβσ + ΓαµσΩσβν + ΓβµσΩασν (22)
is the covariant derivative associated with the connection
Γσµν . h
αβ
µ = g
αρgβσhµρσ, that is, we always lower and
raise the indices through gαβ and its inverse g
αβ. From
the above, we saw that L1 is the action of the conven-
tional spin-2 gravity with the cosmological constant. L4
is a topologically likewise coupling term. The meaning of
L2 would be clear if we know the expression of Ω
ρσ
µ . Now
the action (18) has a metric-like formulation, but it is a
first-order action about Ωαβµ and hµαβ . In order to obtain
a second-order formulation, we need to solve the torsion
constraints (11a) and (11b). The torsion constraint (11a)
can be reformulated as
− T γαβ = 2λ2gτµ(Ωστα hβσρ − Ωστβ hασρ)εµργ , (23)
and the torsion constraint (11b) can be reformulated as
−Kγαβ = (Ωγτα gτβ − Ωρτρ gταδγβ) + (α↔ β), (24a)
K
γ
αβ = ε
ρσγ(∇ρhσαβ + T τρσhταβ). (24b)
Eqs. (23) and (24a) are derived from Eqs. (11a) and (11b)
by multiplying the frame-like fields Eαa or e
b
β. Alterna-
tively, they can also be derived through variations of
the action (18) regarding to T γαβ and Ω
ρσ
µ respectively.
Eqs. (23) and (24a) are coupling equations about T γαβ
and Ωρσµ . Eq. (23) demonstrates that the torsion is de-
termined by the higher-spin fields, which provides the
action (18) with the interpretation as a Einstein-Cartan-
Sciama-Kibble theory [14]. The solution of Eq. (24a) can
express the connection Ωρσµ with hµαβ and its derivatives.
A solution of Eq. (24a) is
Ωαβµ =
1
2
(
gασKβµσ + g
βσKαµσ −
2
3
Kσµσg
αβ
)
(25)
− 1
2
gαρgβσgµτK
τ
ρσ.
Through this expression, Ωαβµ can be eliminated from
Eqs. (21a) and (21c), and Eqs. (21a) and (21c) can be
regarded as the kinetic terms of the spin-3 fields hµαβ .
3Eq. (21c) looks like a Fierz-Pauli type massive term of
hαµν . However, because the background solution of the
action (18) is the anti-de Sitter space-time. Eq. (21c)
plays the role to ensure the 3D diffeomorphism invariance
of the action, but does not mean that the spin-3 field hµαβ
is massive [15, 16]. We can further attempt to solve the
torsion constraints (23). In 3D, T γαβ is equivalent to a
rank (2,0) tensor through the definition
Tαβ = −εβρσTαρσ, T γαβ =
1
2
T γρεραβ . (26)
Substituting Ωαβµ into Eq. (23), we can obtain an equa-
tion of Tαβ
Tαβ + 4λ2T ρσMαβρσ = 4λ
2Ω¯στθ gτµhνσρε
µραεθνβ, (27)
where Ω¯αβµ is defined as Ω
αβ
µ in (25) but with the con-
nection Γταβ replaced by the Levi-Civita connection Γ¯
τ
αβ .
Mαβρσ is a complicated algebraic function of gαβ and hραβ ,
which does not have a compact expression. To solve Tαβ,
we need to know the inverse of (δαρ δ
β
σ+4λ
2Mαβρσ ), which is
obtainable perturbatively or non-perturbatively in a al-
gebraic way through the Caylay-Hamilton method. The
first order approximation of Tαβ is given by the right
side of Eq. (27). In this paper, we keep the torsion con-
straint (23) intact in order that the action (18) has a
concise formulation, then the action (18) is a ECSK the-
ory coupled with the higher-spin fields hραβ .
Equations of motion.—In order to obtain a transparent
Lagrangian for hραβ , firstly we rewrite the LagrangianL4
as
L4 = ε
µνα(∇µhνρσ + T τµνhτρσ)Ωρσα (28)
+
1√−g∂µ(
√−gεµναΩρσν hαρσ).
The second line of this equation is a total diver-
gence term. Substituting the solution (25) of Ωρσα into
Eqs. (21a) and (28), we obtain a new Lagrangian
L2 +L4 = −1
4
(gµαgνβ − gµβgνα)∇ˆµhρσν ∇ˆαhβρσ
− 1
2
gτθεµνρεαβσ∇ˆµhνστ ∇ˆαhβρθ, (29)
where we have use ∇ˆµhνρσ = ∇µhνρσ + T τµνhτρσ to
achieve a compact expression, and the divergence term
in Eq. (28) was omitted. This Lagrangian has the
Maxwell-like formulation, which is quadratic about the
field strength. The identity
εµνρεαβσ = gµαgνσgρβ + (gναgµβ − gµαgνβ)gρσ (30)
− gναgµσgρβ + (gµσgνβ − gνσgµβ)gρα
can be further used to rewrite Eq. (30) into a conventional
formulation. Now we discuss the equations of motion
about gαβ and hραβ . Their equations of motion are given
by the zero curvature condition (5), which can be decom-
posed into two equations as the torsion constraints (11a)
and (11b). Firstly, from Eq. (5), we can obtain
2λ2Tµν = Rµν − 1
2
Rgµν +
1
l2
gµν , (31a)
Tµν = L2gµν + 2(Ωσττ Ωνσµ − Ωστν Ωτσµ) (31b)
+ L3gµν +
2
l2
(hσττ hνσµ − hστν hτσµ).
Here Rµν = R
σ
µνσ is the Ricci tensor. Eq. (31a) is the
equation of motion of the spin-2 field gµν , which has the
same formulation with the Einstein equation. Because
the connection has a torsion, Rµν is not symmetric about
its indices [14]. Tµν is the energy-momentum tensor con-
tributed by the higher spin fields, and it is also not sym-
metric. From Eq. (5), we can also obtain
−Hγαβ =
1
l2
(hγτα gτβ − hρτρ gταδγβ) + (α↔ β), (32a)
H
γ
αβ = ε
ρσγ(∇ρΩσαβ + T τρσΩταβ). (32b)
Substituting the solution (25) of Ωαβµ into (32b), we can
obtain the equations of motion about hµαβ , though they
do not have a compact expression as the action (29). We
saw that Eqs. (32a) and (32b) have the same structure
as Eqs. (24a) and (24b). From Eq. (32a), we have
1
l2
hµαβ =
1
2
(
gασH
σ
µβ + gβσH
σ
µα −
2
3
gαβH
σ
µσ
)
(33)
− 1
2
gµτH
τ
αβ .
which is an equivalent formulation of Eq. (32a), and it is
similar to Eq. (25).
Duality-like Transformation.—We have noticed that
the similarity between Eq. (33) and Eq. (25), which indi-
cate a duality-like transformation between Ωαβµ and h
αβ
µ .
To make this transformation transparent, we rewrite the
Lagrangian L4 as
L4 =
1
2
εµνα(∇µΩρσν + T τµνΩρστ )hαρσ (34)
+
1
2
εµνα(∇µhνρσ + T τµνhτρσ)Ωρσα
+
1
2
1√−g ∂µ(
√−gεµναΩρσν hαρσ).
If we do not consider the divergence term in Eq. (34),
then the action (18) is invariant under the duality like-
wise transformation
Ω˜ρσµ =
1
l
hρσµ ,
1
l
h˜ρσµ = Ω
ρσ
µ . (35)
We can furthure define
Ω ρσµ =
1√
2
(Uρσµ − V ρσµ ), (36a)
1
l
hρσµ =
1√
2
(Uρσµ + V
ρσ
µ ), (36b)
4then L2 and L3 can be rewritten as
L2 +L3 = gαβ(U
ασ
ρ U
βρ
σ − Uασσ Uβρρ ) (37)
+ gαβ(V
ασ
ρ V
βρ
σ − V ασσ V βρρ ),
and L4 can be rewritten as
L4 =
l
2
εµνα(∇µUρσν + T τµνUρστ )Uαρσ (38)
− l
2
εµνα(∇µVνρσ + T τµνVτρσ)V ρσα
up to the divergence term in Eq. (34). The torsion con-
straint (23) can be rewritten as
− T γαβ = 2λ2gτµ(Uστα Uβσρ − V στβ Vασρ)εµργ . (39)
From the above, we saw that the cross products of Uαβµ
and V αβµ are eliminated from Eqs. (37) and (38). So
the action (18) can be interpreted as the spin-2 gravity
interacting with two rank (2,1) tensor fields. However,
Uαβµ and V
αβ
µ are not free fields, and their interactions
is provided by the torsion constraint (39) through the
covariant direvative. From Eqs. (24a) and (32a), we have
− H˜γαβ =
1
l
(Uγτα gτβ − Uρτρ gταδγβ) + (α↔ β), (40a)
H˜
γ
αβ = ε
ρσγ(∇ρUσαβ + T τρσUταβ). (40b)
If we omit the torsion constraint (39), then Eq. (40a) is
linear about Uβγα . H˜
γ
αβ can be interpreted as the field
which is dual to the Maxwell-like field strength
Fµναβ = ∇µUναβ −∇νUµαβ . (41)
While the right side of Eq. (40a) is a part of Uαβγ which
is symmetric and traceless about its first two indices.
So Eq. (40a) has the meaning that the dual of the field
strength of Uαβγ is the minus of its symmetric and trace-
less part about its first two indices. Similarly, from
Eqs. (24a) and (32a), we also have
K˜
γ
αβ =
1
l
(V γτα gτβ − V ρτρ gταδγβ) + (α↔ β), (42a)
K˜
γ
αβ = ε
ρσγ(∇ρVσαβ + T τρσVταβ), (42b)
which have the interpretations similar to Eqs. (40a)
and (40b).
Generalized diffeomorphism.—Now we discuss the po-
tential symmetries of the action (18). These symmetries
can be induced from the symmetries of the Chern-Simons
action (1). If the boundary terms are negligible, then
the CS action (1) is invariant under the infinitesimal
SL(3, R)×SL(3, R) gauge transformations
δA = dζ + [A, ζ], (43a)
δA¯ = dζ¯ + [A¯, ζ¯]. (43b)
In terms of the decomposition (2), we have
δω = dΛ + [ω,Λ] +
1
l
[e, ξ], (44)
1
l
δe = dξ + [ω, ξ] +
1
l
[e,Λ], (45)
where we have defined
ξ =
1
2
(ζ − ζ¯), Λ = 1
2
(ζ + ζ¯). (46)
Now we focus on the transformation (45). Λ and ξ have
the SL(2, R) decomposition
Λ = ΛaJa + Λ
bcQbc, ξ = ξ
aJa + ξ
bcQbc, (47)
where Λab and ξab are symmetrical and traceless. If ξ =
0, then Eq. (45) yields the local Lorentz transformations
δΛgµν = 4λ
2
(
hρσµ Λρτg
τθεσθν + (µ↔ ν)
)
, (48a)
δΛhαµν =
(
Λµρg
ρθεαθν + (µ↔ ν)
)
(48b)
+ 4λ2
(
hρσα h
τθ
µ gρνΛτβg
βγεθσγ + (µ↔ ν)
)
,
where Λµν = Λabe
a
µe
b
ν is symmetrical and satisfies the
traceless condition gµνΛµν = 0. We saw that the local
lorentz transformations only depend on the parameter
Λρσ, but it is independent of Λµ = Λae
a
µ. This is consis-
tent with the fact that gµν and hαµν are SL(2, R) invari-
ant variables, but they are not SL(3, R) invariant ones.
Otherwise, If Λ = 0, from Eq. (45), we can obtain the
generalized diffeomorphism
1
l
δξgµν = ∇µξν +∇νξµ (49a)
+ 4λ2
(
Ωτβµ ξτρg
ρσεβσν + (µ↔ ν)
)
,
1
l
δξhαµν = ∇αξµν + (hαρµgργ∇νξγ + (µ↔ ν)) (49b)
+ 4λ2
(
hαρµg
ργΩτβν ξτθg
θσεβσγ + (µ↔ ν)
)
,
where ∇µξν = ∂µξν − Γρµνξρ is the covariant derivative
with the connection (16). ξµ = ξae
a
µ, and ξµν = ξabe
a
µe
b
ν
is symmetrical and traceless. Ωτβν is defined by Eq. (25).
If hαµν is small, then the second term of the right side of
Eq. (49a) is negligible. Eq. (49a) yields the conventional
diffeomorphism for the spin-2 gravity.
Conclusions.—We have provided a metric-like formu-
lation for the SL(3, R)×SL(3, R) Chern-Simons theory
using the SL(2, R) invariant variables. This metric-
like formulation can be interpreted as a Einstein-Cartan-
Sciama-Kibble theory [14], in which the torsion is deter-
mined by the higher-spin fields. The local Lorentz trans-
formation and the generalized diffeomorphism can be ex-
pressed with these metric-like fields manifestly. We also
identify a duality-like transformation in this metric-like
formulation. Because the Lie algebra of SL(N,R) has
the decomposition under its sub algebra SL(2, R) simi-
lar to that of SL(3, R), the SL(2, R) variables used here
could also be useful to find a metric-like formulation for
the SL(N,R)×SL(N,R) Chern-Simons theory [7], and
the duality-like transformation discussed here could also
be found in those theories.
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